Quantum entanglement has become a resource for the fascinating developments in quantum information and quantum communication during the last decades. It quantifies a certain nonclassical correlation property of a density matrix representing the quantum state of a composite system. We discuss the concept of how entanglement changes with respect to different factorizations of the algebra which describes the total quantum system. Depending on the considered factorization a quantum state appears either entangled or separable. For pure states we always can switch unitarily between separability and entanglement, however, for mixed states a minimal amount of mixedness is needed. We discuss our general statements in detail for the familiar case of qubits, the GHZ states, Werner states and Gisin states, emphasizing their geometric features. As theorists we use and play with this free choice of factorization, which for an experimentalist is often naturally fixed. For theorists it offers an extension of the interpretations and is adequate to generalizations, as we point out in the examples of quantum teleportation and entanglement swapping.
I. INTRODUCTION
The surprising features of entanglement in the measurement correlations of two subsystems were highlighted already in 1935 by Einstein, Podolsky and Rosen (EPR) [1] . They observed that for a suitably chosen global quantum state of the system the possible outcome of a measurement in laboratory A (called Alice nowadays) depends on the definite -but freechoice -measurement in laboratory B (called Bob), no matter how far B is located. Since Einstein rejected a "spooky action at a distance" he was forced to conclude that quantum mechanics is an incomplete theory.
In the same year Erwin Schrödinger in his trilogy "On the present situation in quantum mechanics" [2] considered an EPR-like situation and argued that in quantum mechanics "the best possible knowledge of a whole does not include the best possible knowledge of all its parts". He named such a situation entanglement, "Verschränkung" in his original Austrian phrasing. This description already comes closest to our modern concept of entanglement "the whole is in a definite (i.e. pure) state, the parts taken individually not". This discussion about quantum mechanics was dormant for several decades until in 1964 John S. Bell stirred it up again in his celebrated paper "On the Einstein-Podolsky-Rosen paradox" [3] , which caused a dramatic change in the quantum mechanical dispute. Bell was able to show that under a strict locality assumption quantum mechanics cannot be completed in the sense of EPR. More precisely, all local realistic theories must satisfy a socalled Bell inequality, a certain combination of expectation values of combined measurements of Alice and Bob, whereas quantum mechanics violates it. Numerous experimental tests in the years that followed, notably by Clauser and Freedman [4, 5] , Aspect and collaborators [6, 7] and Zeilinger and collaborators [8] , show clearly the violation of a Bell inequality and the confirmation of the quantum mechanical prediction (see, e.g. Ref. [9] ).
In the nineties the interests shifted towards quantum information, quantum communication and quantum computation (see, e.g. Ref. [10] ). There the basic ingredient for the quantum states is entanglement, it acts as a resource to allow for certain operations which are otherwise classically impossible to do. One of the most fascinating example is quantum teleportation [11] , where the properties of an (even unknown) incoming quantum state at Alice's laboratory can be transferred to an outgoing state in Bob's laboratory with help of an EPR pair [12, 13] .
This brings us already to the subject of our Article, the free choice of how to factorize the algebra of a density matrix implying either entanglement or separability of the quantum state. Only with respect to such a factorization it makes sense to talk about entanglement or separability. Quantum teleportation precisely relies on this fact that we can think of different factorizations in which entanglement is localized respectively measurements take place, as we shall discuss in detail in Chapt. IV. Thus we have to focus more closely on entanglement, the magic ingredient of quantum information theory [9] . But entanglement with respect to what? The entanglement of quantum states, which are represented by density matrices, is defined with respect to a tensor product structure in Hilbert-Schmidt space. These are tensor products of an algebra of operators or observables.
However, for a given quantum state, it is our freedom of how to factorize the algebra to which a density matrix refers. Thus we may choose! Via global unitary transformations we can switch from one factorization to the other, where in one factorization the quantum state appears entangled, however, in the other not. Consequently, entanglement or separability of a quantum state depends on our choice of factorizing the algebra of the corresponding density matrix, where this choice is suggested either by the set-up of the experiment or by the convenience for the theoretical discussion. This is our basic message.
Considering equivalently to the algebra of the density matrix the tensor product structure of quantum states we find a close connection to the work of Zanardi and collaborators [14] who found the same "democracy between the different tensor product structures, ... , without further physical assumptions no partition has an ontologically superior status with respect to any other" [15] . Thus it's only the interaction, which we consider to determine the density matrix, or the measurement set-up, which fixes the factorization.
For pure states the status is quite clear. Any state can be factorized such that it appears separable up to being maximally entangled depending on the factorization. This fact has been demonstrated already in Ref. [16] . For mixed states, however, the situation is much more complex (see, e.g., Ref. [17] ). The reason is that the maximal mixed state, the tracial state 1 D 1 D , is separable for any factorization and therefore a sufficiently small neighborhood of it is separable too. Thus the question is how mixed can a quantum state be in order to find a factorization that makes the state as entangled as possible. For a generally mixed state we don't know a precise answer, however, in special cases we do.
In this Article we investigate such special cases for mixed density matrices subjected to certain constraints. In Chapt. II we present our general statements on mixed density matrices and the constraints that make it possible to choose a factorization such that a quantum state appears entangled. In Chapt. III we illustrate our general theorems within the most familiar case of qubits, emphasizing the nice geometric features. We discuss the GHZ states, the Werner states and the Gisin states. The latter ones we particularly present in detail to stress the difference between the local filtering operations, which increase the nonlocal structure of a quantum state and are experimentally feasible, and our unitary transformations which switch between separability and entanglement of a state.
The physical implication of the free choice of factorizing the algebra of a density matrix we discuss in physical examples such as quantum teleportation and entanglement swapping, shedding more light on these amazing quantum phenomena (Chapt. IV). Finally some further conclusions and possible further applications are drawn in Chapt. V.
II. FACTORIZATION ALGEBRA
We work in a Hilbert-Schmidt space H 1 ⊗ H 2 of operators on the finite dimensional bipartite Hilbert space 
where U represents a unitary transformation on the total space, a former separable state can appear entangled and vice versa. Instead we can consider for a separable ρ the effect of U on ρ , i.e. ρ U = U ρ U † , and ρ U can become entangled for
This corresponds to the equivalence whether we work in the Schrödinger picture or in the Heisenberg picture in the characterization of the quantum states.
Let us first concentrate on pure states, i.e. ρ = | ψ ψ | , here we prove the following theorem.
Theorem 1 (Factorization algebra). For any pure state ρ one can find a factorization M D = A 1 ⊗ A 2 such that ρ is separable with respect to this factorization and an other factorization M D = B 1 ⊗ B 2 where ρ appears to be maximally entangled.
Proof: For each pair of vectors of the same length there are unitary transformations which transform one vector into the other. The vector |ψ defining the density matrix ρ = | ψ ψ | for a pure state can be transformed into any product vector |ψ 1 ⊗ |ψ 2 by a unitary operator U ∈ M D , i.e. U |ψ = |ψ 1 ⊗ |ψ 2 , or on the other hand we may choose U such that the state is maximally entangled U |ψ =
. For the density matrix it means the following. Assuming the density matrix ρ ent is entangled within the factorization algebra
.e. after a unitary transformation the density matrix becomes separable within this factorization. However, transforming also the factorization algebra
U † we may consider ρ sep within this unitarily transformed factorization, there it is entangled. Of course, we may choose either factorization 
where we identify the indices {α, α = 1, ..., D} with the set
is definitely separable.
On the other hand, we can also find an ONB (see Refs. [18] [19] [20] [21] ) of maximally entangled states, where we have chosen
and a map U : U | χ α = | χ kl , where we again identify the indices α ↔ (k, l) . With this unitary transformation our initial density matrix ρ can be turned into a socalled Weyl state
which is expanded into the ONB of maximally entangled states (3). However, since the set of entangled states is not convex ρ Weyl is not automatically entangled. Note, that state (4) is an analogous construction of a Wigner function as demonstrated in Ref. [20] . For Weyl states a fairly good characterization of the regions of separable states (where the Wigner function remains positive), entangled and bound entangled states exists (see e.g., Refs. [21] [22] [23] [24] [25] [26] [27] [28] ). q.e.d.
In 2 × 2 dimensions the constraints of the set {ρ α } in order to characterize the regions of separability and entanglement are also well-known [29] . Especially for the Werner states, see Sec. III E, one immediately sees that the choice (3) need not be optimal. In fact, it can be quite unfavorable as we show in the example below, see Sec. III B, here a decomposition into one separable state and remaining entangled states is optimal. 
where P is a projector (P 2 = P ) to a maximally entangled state. The maximal eigenvalue of ρ (5) is α + 1 d 2 . Then we find the following lemma. Lemma 1 (Bound for splitted states). Assume a state can be split into a maximally entangled state, corresponding to a projector P , and an orthogonal state σ ρ = βP + (1 − β) σ with P |σ = 0 and 0 ≤ β ≤ 1 .
Then the following statement holds: If β > for the Werner states, see Sec. III E, and in matrix form decomposition (6) can be written as
Proof: We prove Lemma 1 by using the following optimal entanglement witness (explained more explicitly in Sec. III C)
to find a bound of separability or entanglement. The inner product of a witness with all separable states remains positive semidefinite
Thus we have to show that the expectation value of the entanglement witness is positive semidefinite for all separable states, i.e. for all product states
since | ϕ * |ψ |≤ 1 , and ϕ ⊗ ψ| 1 d 2 − d P |ϕ ⊗ ψ = 0 iff |ψ = |ϕ * , which makes the witness optimal.
Applying now the entanglement witness (8) to the state (6) we get for entanglement
Note, the bound is optimal for Werner states (see Sec. III E) and the states of the Gisin line (see Sec. III F). However, if not all eigenvalues of σ are equal then the witness A = 1 d 2 −d P is not optimal with respect to ρ (6), but in this case the decomposition (6) does not represent any more a Werner state.
Concluding, each state with maximal eigenvalue ρ max > 1 d
can be factorized like in Eq. (6) and is entangled with respect to this factorization. However, generally this factorization is not optimal. Under certain constraints we now find a factorization which is indeed optimal.
Let ρ be any mixed state with an ordered spectrum
where P 1 , P 2 , ..., P d 2 are the projectors to the corresponding eigenstates. Furthermore we consider maximal entanglement in a two-dimensional subspace, specifically we choose
Then we find the following theorem. Proof: To find entanglement we consider the partially transposed of matrix ρ (12) with choice (13) , it contains the following structure
Due to the Peres-Horodecki criterion [30, 31] it is entangled, i.e. a NPT state, if it contains a negative eigenvalue. This is the case if
We relax the estimate by replacing the geometric mean by the arithmetic mean
On the other hand we have
leading to
Note, these arguments are similar to those leading to Lemma 2.
Thus, under the constraints of Theorem 3 a mixed state is separable with respect to some factorization and entangled with respect to another.
It is interesting now to search for those states which are separable with respect to all possible factorizations of the composite system into subsystems A 1 ⊗ A 2 . This is the case if ρ U = U ρ U † remains separable for any unitary transformation U . Such states are called absolutely separable states [32] [33] [34] , the tracial state being the prototype. In this connection the maximal ball of states around the tracial state
of constant mixedness is considered, which can be inscribed into the separable states (see Refs. [32, 35] ). This radius is given in terms of the Hilbert-Schmidt distance
Notice that in the different topologies the relevant parameters scale in the same way with the dimension d.
Theorem 4 (Absolute separability of the Kuś-Życzkowski ball [32] ). All states belonging to the maximal ball which can be inscribed into the set of mixed states for a bipartite system are not only separable but also absolutely separable.
Note that geometrically in case of Theorem 3 the set of absolutely separable states is not as symmetric as in case of Theorem 4, the set is even a bit larger containing the maximal ball and corresponds rather to a "Laberl" [75] than to a ball.
Furthermore, we already know that in the two-qubit case the set of absolutely separable states is larger than the maximal ball of Kuś andŻyczkowski. As conjectured in Ref. [36] and proved in Ref. [29] the set of absolutely separable states contains any mixed state with certain constraints on the spectrum.
Lemma 2 (Absolute separability in 2 × 2 dimensions [29] ). Let ρ be any mixed state in 2 × 2 dimensions with an ordered spectrum {ρ 1 ≥ ρ 2 ≥ ρ 3 ≥ ρ 4 } . If the spectrum is constrained by the inequality ρ 1 − ρ 3 − 2 √ ρ 2 ρ 4 ≤ 0 , then ρ is absolutely separable.
As an example we want to quote the state with spectrum {0.47, 0.30, 0.13, 0.10} (see Ref. [32] ) that does not belong to the maximal ball but satisfies the constraints of Lemma 2 and is, for this reason, absolutely separable. 
III. ILLUSTRATION WITH QUBITS A. Geometry of physical states
Geometrically all Weyl states in 2 × 2 dimensions, the celebrated case of Alice and Bob in quantum information, lie within a tetrahedron (three-dimensional simplex) spanned by the four maximally entangled Bell states | ψ ± , | φ ± , it is the domain of the physical states, see Fig.1 . The separable states (convex set) form a double pyramid (shaded in blue) within the tetrahedron. The entangled states are located in the tetrahedron cones outside of the double pyramid and in the middle (at the origin) rests the maximal mixed, the tracial state 1 4 (see Refs. [37] [38] [39] ).
The set of local states, satisfying a Bell inequalityà la CHSH, defines a domain (shaded by the dark-yellow surfaces) that is, interestingly, much larger than the area of separable states (see also Ref. [40] ).
Within the double pyramid the Kuś-Życzkowski ball of absolutely separable states [32] (shaded in green) is placed, whose radius of constant mixedness is determined by the nearest separable state to a Bell state. All states within this maximal ball remain separable for any unitary transformation (Theorem 4).
FIG. 2:
Terms like (σ z ⊗ 1 + 1 ⊗ σ z ) in the density matrix affect the region of physical states, the entangled, local and separable areas shrink. In particular, the former tetrahedron of Weyl states becomes parabolic in z-direction such that the unitarily transformed state U ψ N U † (23) slips into the entangled domain (yellow part), being a maximally entangled mixed state (MEMS). At origin the state
B. Illustration of Theorem 4
To illustrate Theorem 4 the following example is quite instructive. Let us choose a separable state outside of the maximal ball, say at a corner of the double pyramid, see Fig. 1 . It is given by the matrix
or in Bloch decomposition
and this separable state has the smallest possible mixedness or largest purity. It is the purity P (ρ) = Tr ρ 2 that is a way to quantify the degree of mixedness, especially adjusted for the geometry of a state ρ and it ranges between
The following unitary transformation
However, due to the occurrence of the term (σ z ⊗ 1 + 1 ⊗ σ z ) the transformation U ( . Transformation U (22) is already optimal, i.e. it entangles ρ N maximally. Thus ρ U belongs to the so-called MEMS class, the class of maximally entangled mixed states for a given value of purity [36, 41] .
In order to illustrate states of type ρ U , i.e. states with additional terms (σ z ⊗ 1 + 1 ⊗ σ z ) we see that these additional degrees of freedom affect the region of physical states (where ρ > 0) , see Fig. 2 . The areas of entangled, local and separable states shrink, in particular, the former tetrahedron of Weyl states becomes parabolic in the lower z-direction such that the unitarily transformed state ρ U = U ρ N U † (23) slips into the entangled domain (yellow part in Fig. 2) , and is maximally entangled. At origin the state and for the entangled Bell states
The unitary matrix U which transforms the entangled basis into the separable one is following (we suppress from now on the labels A and B for the subspaces)
It is more illustrative to work with the Bloch decompositions of the states to show the subalgebras explicitly. A general state ρ can be decomposed into (see, e.g. Refs. [25, 37] )
and for separable states we have
with r 2 = u 2 = 1. In particular we find [37] 
Then U transforms the two sets of algebras of Alice and Bob as follows:
and implies a change in the Alice-Bob tensor products as
Now, let's consider entanglement. Quite generally, entanglement can be "detected" by an Hermitian operator, the so-called entanglement witness A, that detects the entanglement of a state ρ ent via the entanglement witness inequalities (EWI) [31, 37, 42, 43] 
where S denotes the set of all separable states. An entanglement witness is "optimal", denoted by A opt , if apart from Eq. (37) there exists a separable state ρ 0 ∈ S such that
The operator A opt defines a tangent plane to the convex set of separable states S and can be constructed in the following way [37] :
where ρ 0 represents the nearest separable state.
In particular, for the optimal entanglement witness of the Bell state ρ − we get
leading to the EWI
where δ represents the angle between the unit vectors r and u.
Transforming now the entangled Bell state ρ − according to Eq. (26) we find
i.e. separability with respect to the algebra {σ i ⊗ σ j } . Thus the transformed state U ρ − U † represents a separable pure state as claimed in Theorem 1 and geometrically it has the Hilbert-Schmidt (HS) distance
to the state ρ − . This distance represents the amount of entanglement, more precise, it is the Hilbert-Schmidt measure that can be considered as a measure of entanglement and it is defined by [21, 37] D(ρ ent ) := min
where ρ 0 denotes the nearest separable state, the minimum of the HS distance. In our case of the maximal entangled Bell state ρ − the nearest separable state is mixed and will be considered in the Section Werner states.
It is interesting that the maximal violation of the EWI (37) for an entangled state is equal to its HS measure (45) , the measure of entanglement (Theorem of Ref. [37] ).
Transforming on the other hand also the entanglement witness, i.e. choosing a different algebra,
we then get
and the transformed state is entangled again with respect to the other algebra factorization {σ i ⊗ 1, 1 ⊗ σ j , σ i ⊗ σ j } . It demonstrates nicely the content of Theorem 1 and the analogy of choosing either the Schrödinger picture or the Heisenberg picture in the characterization of the quantum states.
Next we study non-maximal entangled states like | ψ θ = sin θ | ↑ | ↓ − cos θ | ↓ | ↑ with the corresponding density matrix
and the Bloch decomposition
Transforming the state ρ θ by the unitary transformation (26) we obtain
and in Bloch form
This transformed state still contains some entanglement (except for θ = π 4
, the Bell state ρ − ), which we determine via the concurrence of Wootters [44] [45] [46] as a measure of entanglement. For the concurrence we first consider the flipped state ρ of ρ
where ρ * is the complex conjugate and is taken in the standard product basis and then calculate the concurrence C by the formula
The λ i 's are the square roots of the eigenvalue, in decreasing order, of the matrix ρ ρ . As results we find for the state ρ θ and its U transformation the following concurrences which we have plotted in Fig.3 . We see, only for the values θ = 0,
the unitary transformation U is the optimal choice to switch between entanglement and separability. For other values of θ the transformation U θ can be adjusted according to U θ | ψ θ = | ψ + , providing the following unitary matrix, where f ± (θ) = cos θ ± sin θ ,
Then the such transformed ρ θ state is maximal entangled and represents the Bell state ρ
Both unitary transformation in succession
clearly make ρ θ separable for all θ
which demonstrates the content of Theorem 1.
D. GHZ states
What we have illustrated in the case of Alice & Bob we also find in a system of three qubits when tracing over one subspace. This leads us to the popular GHZ states [47, 48] which play an important role in the fundamentals and techniques of quantum information (see, e.g. Ref [9] ).
The usual three-photon GHZ state is defined by
where V and H denote vertical and horizontal polarizations, respectively. We slightly generalize the state, as we did before, to non-maximal entanglement and use now the bit notation |0 and |1 of quantum information, then we get
yielding the density matrix ρ
Next we trace over one subsystem -we don't count the outcome of this subsystem -and are left with the state of a bipartite system
or in the Bloch decomposition this state is expressed by
State (62), (63) is a mixed state and separable ∀ θ . Note, due to the tracing over one subsystem we bring back GHZ to a special case of Alice & Bob. Now we find unitary transformations such that they entangle the separable state maximally. In the interval 0 ≤ θ ≤ π 4 the unitary transformation
is best. For the remaining part of the interval
we use the transformation
The results we have plotted in Fig.4 , the unitary transformations (64) and (65) do. Since the transformations (64) and (65) , which is specific for our considered state (62) but does not hold in general.
These observations on the GHZ state we can generalize by the following lemma.
Lemma 3 (Entanglement for traced GHZ states). Let |Ω be a pure state on the tensor product of the algebras
be the reduced density matrix on A 3 :
Then there exists a unitary transformation U in A 1 ⊗ A 2 such that the amount of entanglement E(A i , A 3 ) between the subalgebras A i (i = 1, 2) and A 3 is given by
where S(ρ) = − Tr ρ ln ρ denotes the von Neumann entropy of the reduced density matrix ρ → ρ A 3 .
This means that the maximal possible entanglement with A 3 can be obtained by a subalgebra in A 1 ⊗ A 2 of the same dimension as A 3 whereas the rest is not entangled at all.
Proof: We can write
where the vector subindices refer to the subalgebras, and | ψ i 3 represents an ONB for A 3 and | ϕ i 12 is belonging to a basis for A 1 ⊗ A 2 . With | ψ i 1 a basis for A 1 and | ψ α 2 an arbitrary vector for A 2 we define with help of a unitary transformation
and extend it to a unitary in A 1 ⊗ A 2 . This serves the purpose. q.e.d.
It means, as shown before, we can find a unitary transformation such that the states in A 3 are entangled with the states in A 1 in a maximal possible way and separable (product states) with the states in A 2 . Lemma 3 is nicely illustrated by Fig. 4 where we can generate entanglement of the traced GHZ state by a unitary transformation up to a maximal concurrence of C = 1 2 .
E. Werner states
Next we want to study the Werner states [49] as a typical example of mixed states
or in terms of the Bloch decomposition we have
with the parameter values α ∈ [0, 1] . They have the interesting feature that they are separable within a certain bound of mixedness, α ≤ 1/3 , and within a much larger bound, α ≤ 1/ √ 2 , they satisfy a Bell inequality (of CHSH-type) although they contain some amount of entanglement, recall Fig.1 for an illustration. Thus the interval
defines the region of local states that are not separable.
Transforming the state ρ Werner according to Eq. (26) we obtain
which is separable with respect to the algebra {σ i ⊗ σ j } for all values of α ∈ [0, 1] since the EWI (37) gives (recall the entanglement witness A
This we clearly could expect since the U transformation of the maximal entangled part ρ Werner (α = 1) = ρ − is already separable.
However, transforming also the entanglement witness U A ρ − opt U † , Eq. (46), i.e. choosing a different factorization, we then get
for α > 1/3 , i.e. the transformed Werner state is entangled again with respect to the other algebra factorization {σ i ⊗ 1, 1 ⊗ σ j , σ i ⊗ σ j } . But as claimed in Theorem 2 the entanglement occurs only beyond a certain bound of mixedness, here for the Werner state the bound is α > 1/3 .
F. Gisin states
Whereas Werner [49] demonstrated that a mixed entangled state may satisfy a Bell inequality -thus showing that a Bell inequality is not a complete measure for entanglementit was Gisin [50] who showed that some quantum states initially satisfying a Bell inequality lead to a violation after certain local selective measurements, i.e. local filtering operations. In this way the nonlocal character of the quantum system is revealed (see also Ref. [51] in this connection). Of course, we can also consider in this case entanglement and separability with respect to the factorization algebra of the density matrix.
Let us begin by introducing the Gisin states [50] , they are a mixture of the entangled state ρ θ (48), discussed before in Chapt. III C, and the separable states ρ ↑↑ and ρ ↓↓
and in Bloch form they can be written as
Due to a theorem of the Horodeckis [52] about the maximal violation of a Bell inequality (à la CHSH [53, 54] ) we know:
Theorem 5 (Maximal violation of a Bell inequality [52] ). Given a general 2×2 dimensional density matrix in Bloch form ρ = 1 4
and the Bell operator
then the maximal violation of the Bell inequality B max = max B Tr ρ B CHSH is given by
where t 2 1 , t 2 2 denote the two larger eigenvalues of the matrices product (t ij ) T (t ij ) .
Thus there is a violation if and only if the following parameter condition holds
Therefore we do not get any violation of the Bell inequality B = Tr ρ Gisin B CHSH ≤ 1 for the parameter range
Gisin's filtering procedure: Next Gisin proposes an other type of measurement for the quantum states, a local filtering operation described by the following matrices
which means that on the left hand side the spin-up component is damped and on the right hand side the spin-down component such that the passing state of the pair becomes the maximally entangled Bell state ρ − . Thus the filtering corresponds to the following map
with normalization N = λ sin(2θ) + (1−λ) . The separable states ρ ↑↑ +ρ ↓↓ pass the filtering with probability cot θ without being absorbed. In Bloch form we have
Then Horodecki's Theorem 5 implies that there is a violation of the Bell inequality for the parameter values
The local filtering increases the amount of entanglement such that the Bell inequality is violated, see Fig. 5 . We have plotted the concurrence of the Gisin state with θ = 0.35 (green line) in dependence of the parameter λ and the concurrence of the filtered Gisin state (lila line) together with their Bell inequality bounds, the corresponding vertical lines. The violation of the Bell inequality occurs on the right hand side of the vertical line. We see that for λ ≤ 0.9 the Gisin state satisfies the Bell inequality (green lines) whereas the filtered state violates the inequality already for λ > 0.78 (lila lines).
Thus for Gisin states there are values of the parameters λ and θ such that the state ρ Gisin (λ, θ) is local (in the sense of satisfying a Bell inequality) but the corresponding filtered state ρ filtered Gisin (λ, θ) is not (i.e. violates a Bell inequality).
The above described procedure is certainly different to our view of the free choice of factorizing the algebra of a density matrix. Gisin uses nonunitary but local filtering operations which increase the nonlocal quantum correlations of a system. In contrast we work with unitary but nonlocal operations to switch between the different factorizations of the HilbertSchmidt space where a given state appears either separable or entangled, depending on our free choice. The mixedness of the quantum states changes in Gisin's filtering procedure, in our operations not. When we transform the Gisin state ρ Gisin (λ, θ) with our unitary transformation U θ (55)
we achieve a constant amount of entanglement for all θ values depending only on the parameter λ . We have compared the two procedures by calculation the concurrence versus the purity P (ρ) = Tr ρ 2 . The results we have plotted on Fig.6 . Whereas Gisin's filtering procedure (blue dots) increases the concurrence and decreases the purity of the origin Gisin states (green dots) such that the Bell inequality is violated, our unitary operations (red dots) just increase the concurrence keeping the purity fixed leading to a higher value of the violation of the Bell inequality However, if we also transform the Bell operator then, of course, the Bell bound remains invariant for the transformed and untransformed case
Geometry of the quantum states: It's illustrative to demonstrate the geometry of the above described quantum states. The occurrence of the term (σ z ⊗ 1 − 1 ⊗ σ z ) in the density matrix of the Gisin states (82) implies a shrinkage from above of the former tetrahedron of Weyl states, which becomes parabolic in z-direction, see Fig. 8 . The Gisin states constitute a curve which lies on the surface of the shrunk tetrahedron connecting the bottom with the top. The bound of the Bell operator is given by the dark-yellow surfaces and the separable states constitute the shrunk double pyramid (shaded in blue). We see that the Gisin state (82), for example, for θ = 0.35 and λ = 0.8 is, although entangled, well within the Bell bound, the region of local states.
On the other hand, all unitarily transformed (92) and filtered (89) Gisin states lie on a line -the Gisin line (in red) -between the maximal entangled Bell state ρ − on the bottom and the separable mixture ρ ↑↑ + ρ ↓↓ on top of the double pyramid, see Fig. 9 . We see that both kind of states for the parameter value λ = 0.8 , lie outside the Bell bound, i.e. they violate the Bell inequality. The filtered state (89) violates the Bell inequality less, is nearer to the tracial state at origin, since the filtering increases its mixedness, whereas the unitarily transformed state (92) keeps the mixedness constant and therefore violates the Bell inequality more.
The Gisin line composed of the maximal entangled state ρ − and the orthogonal separable state ρ ↑↑ + ρ ↓↓ , see Fig. 9 , is a nice example for Lemma 1, where the bound β > 1 2 for entanglement is indeed optimal and corresponds to the red line part in the yellow region.
IV. FACTORIZATION IN PHYSICAL EXAMPLES
A. Quantum teleportation Quantum teleportation [11] and its experimental verification [12, 13] became in the recent years a popular subject in quantum information. It is an amazing quantum feature which lives from the fact that several qubits can be entangled in different ways. Usually three qubits are considered together with the associated Bell states. We don't want to repeat here the usual treatment but wish to explore the essential features of maximally entangled states, which lead to quantum teleportation.
We study the tensor product of three matrix algebras A 1 ⊗ A 2 ⊗ A 3 of equal dimensions, A 1 , A 2 belonging to Alice and A 3 to Bob. The situation is that Alice gets on her first line A 1 an incoming message given by a vector |φ which she wants to transfer to Bob without direct contact between the algebras A 1 and A 3 , though she knows what the corresponding vectors are. To achieve this goal she uses the fact that the three algebras can be entangled in different ways. Alice also knows that her second line A 2 is entangled with Bob via an EPR source, such that the total state restricted to A 2 ⊗ A 3 is maximally entangled. A maximally entangled state |ψ 23 ∈ A 2 ⊗ A 3 defines an isometry I 23 (a bijective map that preserves the distances) between the vectors of one factor to the other.
The possibility to transfer the incoming state of A 1 at Alice into a state of A 3 at Bob uses the fact that an isometry I 13 between this two algebras was taken for granted. Now Alice chooses an isometry I 12 , which correspond to choosing a maximally entangled state |ψ 12 ∈ A 1 ⊗ A 2 , such that the following isometry relation holds
Expressed in an ONB {ϕ i } of one factor the state vector can be written as This effect of entanglement swapping can also be interpreted as teleportation of an unknown state of photon 2 onto photon 4 . Thus the teleported photon has no well defined polarization. The reason is that a unitary transformation of the Bell state measurement expressed by U 2 · I 23 creates a unitary transformation U 1 |ψ 14 on the remaining state with the same unitary matrix.
V. DISCUSSION AND CONCLUSION
First of all, we want to emphasize that the different factorization algebras of a density matrix, corresponding to a quantum state, are not at all unique. They can, however, be chosen in order to illustrate in a natural way the physical interpretation. Clearly, for an experimentalist the factorization normally considered is fixed by the set-up, however, for an absent-minded theorist an arbitrary factorization of the algebra seems to be natural to play with and leads to different results of entanglement. We have investigated how different these results can be. For pure states the situation is quite clear, we can always switch between separability and maximal entanglement. However, for mixed states a minimal mixedness is required because the tracial state and a sufficiently small neighborhood is separable for any factorization.
We should point out that the question how to factorize a given algebra appears in many considerations related to concrete physical situations. Let us mention some examples.
Think of the Hanbury Brown Twiss effect [58] , where photons are produced so far apart that most certainly they are not entangled. Nevertheless, they are able to produce nonlocal correlations in joint measurement experiments. Taking into account that every mixed state can be considered to be pure on a large algebra non-local correlations correspond to entanglement for appropriate subalgebras that, e.g., reflect Bose or Fermi statistics, bunching or antibunching effects in the corresponding experiments [59, 60] .
In particle physics, as an other example, the neutral K-mesons can be considered as kaonic qubits [61] . They can also be analyzed with respect to entanglement, where the subalgebras are determined by the fact that we concentrate either on the production of the kaons, i.e. on the strangeness states K 0K 0 , or on their decays, i.e. on their short-and long-lived states
Especially in relativistic quantum field theory it is important to be precise, what are the chosen subalgebras if one talks about entanglement. Local subalgebras (i.e. double cones) are always entangled due to the Reeh-Schlieder Theorem [62, 63] . It implies that the vacuum state is not positive under partial transposition and cannot be separable [64] . However, the local algebras are so large that correlations corresponding to the entanglement may be hidden for the observer and therefore cannot be used as source for observable effects. We have to choose smaller algebras corresponding to some modes. But here we have to be careful that these subalgebras can be controlled by the experimentalist. In particular, acceleration of the observer can change the amount of observable entanglement [65] [66] [67] [68] [69] . On the other hand, it can be important to restrict to separable states that are not influenced by the environment. Here we are concerned with the problem, how far it is possible to find localized algebras with vanishing entanglement [70, 71] .
Another example is provided by particles in a constant magnetic field reduced to two dimensions. It relates to the Quantum Hall Effect [72] , where it is essential to combine gauge independence and Fermi statistics, that always asks for a kind of entanglement. Here the groundstate and eigenstates of the Hamiltonian are known but gauge dependent. Subalgebras should be constructed in a way that they are gauge invariant so that the notion of entanglement remains physically meaningful [73] .
As a last problem, that appears quite naturally, we want to mention a generalization of Theorem 3. Let us consider a state with some uncertainty, that means we do not vary over all unitary transformations of the state but just over a subclass that, e.g., reflects the coupling to an environment. What can we say about the possible purity, and even more, about the possible entanglement under this restriction?
In this Article we analyzed our results in detail for qubits, the familiar case of Alice & Bob in quantum information, and demonstrated explicitly how we can switch between separability and entanglement. We discussed our general statements in particular for the GHZ states, the Werner states and the Gisin states by showing concretely the effect of the unitary switch, which in the later case differs from experimental local filtering operations.
From the many phenomena, where this unitary switch between separability and entanglement is crucial, we just picked out two of them, namely quantum teleportation and entanglement swapping. We pointed out that the experimental result is based on entanglement of different factorizations. Therefore, speaking of entanglement without specifying the factorization of the total algebra corresponding to the quantum state does not make sense. In our argumentation we concentrated on the fact that entanglement of pure states defines a natural isometry between the partners and therefore can easily be extended to several partners without any restrictions to dimensions.
Finally, our goal has been to find the right frame of mind to digest the richness of the familiar physical results.
